We discuss the appearance of modular functions at the one-loop gauge and gravitational couplings in (0,2) non-decomposable N=1 four dimensional orbifold compactifications of the heterotic string. We define the limits for the existence of states causing singularities in the moduli space in the perturbative regime for a generic vacuum of the heterotic string. The "proof" provides evidence for the explanation of the stringy Higgs effect.
Introduction
The purpose of this paper is to examine the appearance of one-loop threshold corrections in gauge and gravitational couplings, in four dimensional non-decomposable orbifolds of the heterotic string. In 4D N = 1 orbifold compactifications the process of integrating out massive string modes, causes the perturbative one-loop threshold corrections 1 , to receive non-zero corrections in the form of automorphic functions of the target space modular group. The one-loop threshold corrections can be calculated either by calculation of string amplitudes or by the sum over modular orbits. The latter technique will be used in this work.
At special points in the moduli space, previously massive states become massless, and contribute to gauge symmetry enhancement. The net result of the appearance of massless states in the running gauge coupling constants appears in the form of a dominant logarithmic term. In section two we will discuss the logarithmic term effect and suggest that its appearance, due to the nature of the underlying modular integration, sets specific limits in the mass of the previously massive states that becoming massless at the enhanced symmetry point.
In addition, in this paper, we are particularly interested in the calculation of oneloop threshold effects in non-decomposable orbifolds, using the technique of summing over modular orbits, that arise after integrating out the moduli dependent contributions of the heavy string modes. The last technique have been used in a variery of contexts, such as, the calculation of target space free energies of toroidal compactifications in [1] and of Calabi-Yau compactifcation models [2] , in addition to the calculation of threshold effects to gauge and gravitational couplings in N = 1 4D decomposable orbifold compactifications [3] and the calculation of target space free energies and µ-term contributions in N = 1 4D non-decomposable orbifold compactifications in [4] . In section three we will discuss the appearance of automorphic functions of Γ o (3) T,U via the calculation of modular orbits of target space free energies and thus the threshold corrections, generalizing to non-decomposable orbifolds the discussion in [3] for decomposable ones. In sections four and five we will complete the picture by extending the calculation of one-loop threshold effects to gauge and gravitational couplings respectively, using the sum over modular orbits (SMO) , to N = 1 4D non-decomposable orbifolds. We will exhibit the application of SMO by examiming a Z 6 N = 1 non-decomposable orbifold which exhibits a Γ o (3) T × Γ o (3) U target space duality group in one of its two dimensional untwisted subspaces. The gauge embedding in the gauge degrees of freedom will not be specified, apart for its T 2 torus subspace part, and kept generic in order for the threshold effects to be dependent only on the Wilson line context of its two dimensional subspace.
Massless singularity limit
In general, if one wants to describe globally the moduli space and not just the small field deformations of an effective theory around a specific vacuum solution, one has to take into account the number of massive states that become massless at a generic point in moduli space. This is a necessary, since the full duality group SO(22, 6; Z) T mixes massless with massive modes [9] . It happens because there are transformations of O(6,22,Z) acting as automorphisms of the Lorentzian lattice metric of Γ (6, 22) = Γ (6, 6) ⊕ Γ (0,16) that transform massless states into massive states.
Let us consider now the T 2 torus, coming from the decomposition of the T 6 orbifold into the form T 2 ⊕ T 4 . At the large radius limit of the T 2 it was noticed [11] that in the presence of states that become massless at a point in moduli space e.g, when the T → U, the threshold corrections to the gauge coupling constants receive the most dominant logarithmic contribution in the form,
where b ′ a is the contribution to the β-function from the states that become massless at the point T = U. Strictly speaking the situation is sightly different. We will argue that if we want to include in the string effective field theory large field deformations and to describe the string Higgs effect [10] and not only small field fluctuations, eqn.(1) must be modified. We will see that massive states which become massless at specific points in the moduli space do so, only if the values of the untwisted moduli dependent masses are between certain limits. In [11] this point was not emphasized and it was presented in a way that the appearance of the singularity in eqn. (1) had a general validity for generic values of the mass parameter.
We introduce the function Exponential Integral E 1 (z)
with the expansion
It can be checked that for values of the parameter |z| > 1, the lnz term is not the most dominant, while for 0 < |z| < 1 it is.
In the latter case [12] the E 1 (z) term is approximated 2 as
Take now the form of eqn.
(1) explicitly
Then by using eqn. (2) in eqn. (6), we can see that the −b (1) are between −1/2 and 1/2. Then especially for the value |1/2| the lower limit in the integration variable τ 2 takes its lowest value e.g (1 − τ
Use now eqn.(3). Rescaling the τ 2 variable in the integral, and using the condition 0 < z < 1 we get the necessary condition for the logarithmic behaviour to be dominant
This means that the dominant behaviour of the threshold corrections appears in the form of a logarithmic singularity, only when the moduli scalars satisfy the above limit.
We know that for particular values of the moduli scalars, the low energy effective theory appears to have singularities, which are due to the appearance of charged massless states in the physical spectrum. At this stage, the contribution of the mass to the low energy gauge coupling parameters is given by [11] 
where the n H represents the number of states φ H which become massless at the point p.
The parameter (a ′ √ 3/4)M 2 must always be between the limits zero and one in order that the dominant contribution of the physical singularity to △ to be in the "mild"
, with the numerical constants a i to be given by
logarithmic form (8) . Therefore, the complete picture of the threshold effects, when the asymptotic behaviour of the threshold corrections is involved, reads
where Θ is the step function. Threshold effect dependence on the Θ function, takes place in Yang -Mills theories, via the decoupling theorem [13] . The contribution of the various thresholds decouples from the full theory, and the net effect is the appearance of mass suppressed corrections to the physical quantities. Their direct effect on the low energy effective theory is the appearance of the automorphic functions of the moduli dependent masses, after the integration of the massive modes.
So far, we have seen that the theory can always approach the enhanced symmetry point behaviour from a general massive point on the moduli space under specific conditions. For "large" values of the moduli masses the enhanced symmetry point can be approached if its mass is inside the limit (7) . Remember that at the point T = p eqn. (9) breaks down, since at this point perturbation theory is not valid any longer.
Target space automorphic functions from string compactifications
Before looking at the appearance of automorphic functions in the one-loop gauge and gravitational couplings of 4D orbifold compactifications, using the sum over modular orbits, we need some background on the mass operator moduli dependence in orbifolds. For orbifold compactifications, where the underlying internal torus does not decompose into a T 6 = T 2 ⊕ T 4 , the Z 2 twist associated with the reflection −I 2 does not put any additional constraints on the moduli U and T . As a consequence the moduli space of the untwisted subspace is the same as in toroidal compactifications and orbifold sectors which have the lattice twist acting as a Z 2 , give non-zero threshold one-loop corrections to the gauge coupling constants in N = 1 supersymmetric orbifold compactifications.
In the study of the untwisted moduli space, we will assume initially that under the action of the internal twist there is a sublattice of the Narain lattice Γ 22,6 in the form Γ 22,6 ⊃ Γ 2 ⊕ Γ 4 with the twist acting as − I 2 on Γ 2 . In the general case, we assume that there is always a sublattice 4 Γ q+2,2 ⊕ Γ r+4,4 ⊂ Γ 16, 6 , where the twist acts as − I q+4 , on Γ q+2,2 and with eigenvalues different than -I on Γ r+4,4 . In this case, the mass formula for the untwisted subspace Γ q+2,2 depends on the factorised form
values as a row vector, namely as
The quantities in the parenthesis represent the lattice coordinates of the untwisted sublattice Γ q+2,2 , with a 1 , . . . , a q the Wilson line quantum numbers and n 1 , n 2 , m 1 , m 2 the winding and momentum quantum numbers of the two dimensional subspaces.
Let us consider first the generic case of an orbifold where the internal torus factorizes into the orthogonal sum T 6 = T 2 ⊕ T 4 with the Z 2 twist acting on the 2-dimensional torus lattice. We will be interested in the mass formula of the untwisted subspace associated with the T 2 torus lattice. We consider as before that there is a sublattice of the Euclidean self-dual lattice Γ 22,6 as Γ q+2,2 ⊕ Γ 20−q ; 4 ⊂ Γ 22, 6 . In this case, the momentum operator factorises into the orthogonal components of the sublattices with (p L ; p R ) ⊂ Γ q+2;2 and (P L ; P R ) ⊂ Γ 20−q , 4 . As a result the mass operator factorises into the form
On the other hand, the spin operator S for the Γ q+2;2 sublattice changes as
where C is the Cartran metric operator for the invariant directions of the sublattice Γ q of the Γ 16 even self-dual lattice. In eqn's (11,12), we discussed the level matching condition in the case of a T 6 orbifold admitting an orthogonal decomposition.
Let us now consider the gauge symmetry enhancement 5 of the Z 6 − II − b orbifold. This orbifold is defined on the torus lattice SU(6) × SU(2) and the twist in the complex basis is defined as Θ = exp((2, −3, 1)
). This orbifold is non-decomposable in the sense that the action of the lattice twist does not decompose into the orthogonal sum T 6 = T 2 ⊕ T 4 with the fixed plane lying in T 2 . The orbifold twists Θ 2 and Θ 4 , leave the third and complex plane unrotated . The lattice in which the twists Θ 2 and Θ 4 act as a lattice automorphism is the SO (8) . In addition there is a fixed plane which lies in the SU(3) lattice and is associated with the Θ 3 twist.
Consider now the k-twisted sector of a six-dimensional orbifold of the the heterotic string associated with a twist θ k . The twisted sector quantum numbers have to satisfy
5 The information about the nature of singularities will then used in the calculation of the modular orbits.
where Q defines the action of the twist on the internal lattice and M defines the action of the gauge twist on the E 8 × E 8 lattice.
In the Z 6 − II − b orbifold, for the N = 2 sector associated to the Θ 2 twist, n T m = m 1 n 1 + 3m 2 n 2 , and
with Y = (T +T )(U +Ū ). The quantity Y is associated with the Kähler potential, K = − log Y . The target space duality group is found to be Γ 0 (3) T × Γ 0 (3) U ′ , where
Mixing of the equations (11, 12) gives us the following equation
The previous equation gives us a number of different orbits invariant under SO(q + 2, 2; Z) transformations :
a) the untwisted orbit with 2n Let us now consider, for the orbifold Z 6 − II − b, the modular orbit associated with the string Higgs effect. We are looking for points in the moduli space where singularities associated with the additional massless particles appear and have as a result gauge group enhancement. This point correspond to T = U with m 2 = n 2 = 0 and m 1 = n 1 = ±1. At this point the gauge symmetry is enhanced to SU(2) × U(1). In particular, the left moving momentum for the two dimensional untwisted subspace yields
while
At the fixed point of the modular group Γ o (3),
, there are no additional massless states, so there is no further enhancement of the gauge symmetry.
We will now use eqn. (14) to calculate the stringy one-loop threshold corrections to the gauge coupling constants coming from the integration of the massive compactification modes with (m, m ′ , n, n ′ ) = (0, 0, 0, 0). The total contribution to the threshold corrections, coming from modular orbits and associated with the presence of massless particles, is connected to the existence of the following 6 orbits[2, 3, 4],
log M| reg
In the previous expressions, a regularization procedure is assumed that takes place, which renders the final expressions finite, as infinite sums are included in their definitions. Morover, we demand that the regularization procedure for e ∆ has to respect both modular invariance and holomorphicity. The regularization is responsible for the subtraction of a moduli independent quantity from the infinite sum e.g n ,m∈orbit log M. The regularization procedure for the case of a decomposable orbifold, where the threshold corrections are invariant under the SL(2, Z), were discussed in [2] . The general case of the regularization procedure for the case of non-decomposable orbifolds, where the threshold corrections are invariant under subgroups of SL(2, Z), was discussed in [4] .
Let us consider first the orbit relevant for the string Higgs effect . This orbit is associated with the quantity 2n
T m + q T Cq = 2, where n T m = m 1 n 1 + 3m 2 n 2 . The total contribution from the previously mentioned orbit yields :
We must notice here that we have written the sum [3] over the states associated with the SO(4, 2) invariant orbit 2n
T m + q T Cq = 2 in terms of a sum over Γ 0 (3) invariant orbits n T m = constant . We will be first considering the contribution from the orbit 2n T m + q T Cq = 0. Note that we are working in analogy with calculations associated with topological free energy considerations [1, 2, 3, 4] . From the second equation in eqn. (18), considering in general the S0(4, 2) coset, we get for example that
Consider in the beginning the term n T m=0,q=0 log M. We are summing up initially the orbit with n T m = 0; (n, m) = (0, 0),
We calculate the sum over the modular orbit n T m + q 2 = 0. As in [3] we calculate initially the sum over massive compactification states with q 1 = q 2 = 0 and (n, m) = (0, 0). Namely, the orbit
The sum in relation (22) is topological (it excludes oscillator excitations) and is subject to the constraint 3m 2 n 2 + m 1 n 1 = 0. Its solution receives contributions from the following sets of integers:
and n T m=0, q=0
The previous expression is associated with the non-perturbative [2, 3, 4] gaugino generated superpotential W, which comes by direct integration of the string massive orbifold modes. The contribution of this term could give rise to a direct Higgs mass in the effective action and represents a particular solution to the µ term problem. These issues are discussed in [4] . The threshold contribution of (25) to the modular orbit ∆ 1 of eqn. (18) is obtained by substituting (25) in (20) yielding
The previous discussion was restricted to small values of the Wilson lines where our (0, 2) orbifold goes into a (2, 2). We turn now our discussion to the contribution from the first equation in (18) which is relevant to the stringy Higgs effect. Take for example the expansion (19). Let's examine the first orbit corresponding to ∆ 0,0 = n T m=1,q=0 log M. This orbit is the one for which some of the previously massive states, now become massless. At these points ∆ 0,0 have to exhibit the logarithmic singularity. In principle we could predict, in the simplest case when the Wilson lines have been switched off that ∆ 0,0 may be given by
where ω(T ) is the hauptmodul [14] for the subgroup
The behaviour of ∆ 0 term reflects the 7 fact that at the points with T = U, generally previously massive states becoming massless, while the eta-terms are needed for consistency under modular transformations. Finally, the integers χ, ζ have to be calculated from a string loop calculation or by directly performing the sum. Note that for the R.H.S of (27) there is no known way of directly performing the sum.
After this parenthesis, we continue our discussion by turning on, Wilson lines. When we turn the Wilson lines on, for the SO(4, 2) orbit of the relevant untwisted two dimensional subspace, ∆ 0,0 becomes
The sum after using an ansatz, similar to [3] , and keeping only lowest order terms satisfy
The functions X(T, U), Y(T, U), may be calculated by the demand of duality invariance. Let us first discuss the calculation of X(T, U). Demanding duality invariance of the first term in (27), under Γ o (3) U modular transformations, we get that X(T, U) has to obey -to the lowest non-trivial order in B C -the transformation
In (30) we have used the fact that under the Γ o (3) U target space duality transformations
7 in the following we will be using the variable U instead of U ′ .
which leave the tree level Kähler potential
invariant [15] , the following transformation is valid
In a similar way invariance under
which leave (32) invariant, X(T, U) has to transform as
up to the lowest order in B C . So far we have described the properties of X(T, U) under modular transformations. The final form of our function, which has to respect the proper modular transformations, and to reveal the presence of physical singularities in the quantum moduli space reads
where β is a constant which may be decided from a loop calculation. Lets us now try to determine the Y-term in
of (29). It should transform with modular weight -1 under Γ o (3) U transformations. In this case we find that Y has to transform, up to order BC as
On the other hand, if we demand that it transforms with modular weight -1 under Γ o (3) T we get that, up to lowest order in BC,
The modular properties (38), (39) and the presence of the physical singularities in our moduli space fix the function Y(T, U) up to order (BC) 2 as
where ρ may be decided from a a loop calculation. It follows now, from (29) that e △ 0,0 , reads up to the order (BC) 2 ,
We must notice here that the expression for e △ 0,0 transforms with modular weight -1 under the Γ o (3) U,T modular transformations (31,34). This is natural since from the relations [2] ,
where F f ermionic the fermionic free energy, the quantity e △ 0,0 is identified with W, the superpotential.
Threshold corrections to gauge couplings
We will now analyze the threshold corrections to the gauge couplings, due to the integration of massive modes, in the case of N = 1 symmetric (2, 2) non-decomposable orbifold compactifications of the heterotic string. When considering an effective locally supersymmetric theory, we have to distinguish between the kind of renormalized physical couplings involved in the theory. These are the cut-off dependent Wilsonian gauge couplings and the moduli and momentum dependent effective gauge couplings (EGC). Let us consider contributions to the EGC from the (2, 2) symmetric non-decomposable Z 6 − II − b orbifold considered in the previous section. We want to examine the EGC when the embedding in the gauge degrees of freedom is such that the gauge group in the "observable" sector gets broken to a subgroup by turning on Wilson line moduli fields B, C on the untwisted subspace of the non-decomposable orbifold. We consider a general embedding in the gauge degrees of freedom such that the gauge group, in the "hidden" sector remains unbroken, namely E ′ 8 . The contributions to the EGC receive contributions from all the N = 2 sectors of the nondecomposable orbifold. Here for simplicity reasons we will consider only the contribution to the thresholds of the EGC from the N = 2 Θ 2 sector that were examined in the previous section. We examine first the contributions to the EGC from the unbroken E ′ 8 gauge group. In this case the threshold corrections △ E ′ 8 receive contributions from the untwisted N = 2 orbit, 2n
T m + q T Cq = 0, of (25) yielding
The full threshold corrections to the EGC receive an additional contribution from the massless modes, due to Kähler and sigma model anomalies equal to
where C a = −C(G a ) + r T a (r), C a the quadratic Casimir of the gauge group G a , K is the Kähler potential of the N = 2 unrotated subspace, the sum is over the chiral matter superfields transforming in a representation r of G a and g r is the σ-model metric of the massless sector that the matter fields in the representation r belong. The equation for the EGC associated to the E ′ 8 for a scale p 2 << M E ′
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, after taking into account (44) and the contribution fron the massive states that have been integrated out, namely eqn. (43), becomes
where
In the following we will consider that, in the running of EGC at the "observable" sector, beyond the high energy string scale there is an additional scale, e.g M I , for which supersymmetry remains unbroken and the gauge group G, sitting at the high energy scale, gets spontaneously broken at a subgroup. By inspection of (27) we can realize that below the string scale M string there is an additional scale given by M I = |ω(T ) − ω(U)|M string . This is exactly the scale corresponding to gauge symmetry enhancement to SU(2) × U(1). Lets us now try to calculate the running gauge coupling for the two additional massless vector multiplets 8 present in the spectrum at the point T = U. Note that the running of the gauge couplings for points different than T = U, between the scales M I and M string , is given by 1
where △ massive is given in (44). Here,
, with the first sum runs over the chiral matter superfields transforming under a representation r C of the gauge group with T a (r C ) = T r r C (T 2 a ), the second sum runs over light vector multiplet representations r V , and T a denotes a generator of the gauge group. In the case that the gauge coupling of the vector multiplets is in the region p 2 << M I , we get
Here,
where n U (1) the modular weights of the light chiral superfields. Note that the moduli metric of the untwisted N = 2 plane, from (44), g r = ((T +T )(U +Ū)) n C , with n C the modular weight of the light chiral superfields. Let us now apply (47, 48, 49, 50) to the running gauge coupling belonging to the 2 additional vector mupliplets present in the spectrum above the threshold scale M I , for the Z 6 − II − b orbifold, 
Here,b U (1) = 0, since c U (1) = 0 and there are no hypermultiplets charged under the U(1).
In the same way, a U (1) = 0, since the gauge group under the additional threshold scale M I is abelian. The coefficient b U (1) equalsb U (1) +2b
vec , where b vec the contribution from the β-function coefficients of the N = 2 vector multiplets which are massless above the threshold scale and 2 counts their multiplicity. The additional threshold scale beyond the traditional string tree level unification scale is the one associated with the term ω(T ) − ω(U). The threshold scale is associated with the enhancement of the abelian part of the gauge group to SU(2).
Threshold corrections to gravitational couplings
Let us now discsuss contributions to the running gravitational couplings in (2, 2) symmetric Z N orbifold constructions of the heterotic string.
For (0, 2) Z N orbifolds the effective low energy action of the heterotic string is
where S R ≡ (S+S), S I ≡ 2ImS. We have used the conventional choice for the gravitational couplings is 1/g grav ≡ S R , while GB is the Gauss-Bonnet combination
and C the Weyl tensor C abcd . When the above relation is written in the form
where (Θ grav (T,T ) the CP-odd part of GB, then the one-loop corrections [16] , △ grav , to the gravitational action in N = 1 decomposable orbifolds, in the absence of Green-Schwarz mechanism, give △ grav ∝b grav N =2 log(T +T )|η(iT )| 4 , whereb grav N =2 the gravitational β-function coefficient that receives non-zero contributions from the N = 2 sectors.
The corrections to the gravitational couplings considered up to know in the literature, are concerned with the decomposable orbifolds. We will complete the discussion of corrections to the running gravitational couplings by examining non-decomposable orbifolds. For the latter orbifolds the threshold corrections are expressed in terms of automorphic functions belonging to subgroups of the inhomogeneous modular group P SL(2, Z) = SL(2, Z)/±1.
We focus our attention to the case of Z 6 − II − b orbifold. We consider the case of vanishing Wilson lines in the Θ 2 sector. In the presence of the threshold p 2 ≪ M
